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8
Further Topics in
Constrained Maximization 
and Minimization
This chapter presents the factor-factor model with the use of the maximization and
minimization mathematics developed in Chapter 6. In many respects, this chapter is very
similar to Chapter 7. The same fundamental conclusions with respect to the correct allocation
of inputs are developed. However, the presentation here relies primarily on mathematics
rather than the graphical and algebraic presentation of Chapter 7. The basic similarity
between this chapter and Chapter 7 with regard to conclusions is reassuring. The use of
mathematics as a tool for presenting production theory does not mean that the  marginal
principles change. Rather, the mathematics provides further insight as to why the rules
developed in Section 7.8 work the way they do. The chapter provides some applications of
the factor-factor model to problems in designing a landlord tenant lease arrangement, and
to a problem involving maximization when the government imposes an acreage allotment.

Key terms and definitions:

Constrained Optimization
Classical Optimization Technique
Objective Function
Constraint
Joseph-Louis Lagrange
Lagrange's Function
Lagrangean Multiplier
Implicit (Imputed) Value
Shadow Price
Corner Solution
First-Order Conditions
Second-Order Conditions
Constrained Revenue Maximization
Constrained Output Maximization
Constrained Cost Minimization
Lease Arrangement
Acreage Allotment
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8.1 Simple Mathematics of Global Profit Maximization 

Assume that a farmer is searching to operate at the global point of profit maximization.
The farmer would prefer to use the amounts and combination of inputs where total profits
(revenue less costs) are greatest.  Diagrammatically, the farmer would like to operate at the
point on the expansion path where the pseudo scale lines intersect. Revenue from the sale
of an output (y) such as corn can be defined as:

†8.1 R = py

where R = revenue from the sale of the corn

 p = output price

 y = quantity of corn produced

Suppose also that the production function for corn is

†8.2 y = f(x1, x2)

For the moment, assume that only two inputs are used in the production of corn, or that all
other inputs are taken as already owned by the entrepreneur.

Another way of writing the revenue function is

†8.3 R = pf(x1, x2),

since 

†8.4 y = f(x1, x2).

Now suppose that each input can be purchased at the going market prices  (v1 for x1; v2 for
x2), and the farmer can purchase as much or as little as desired. Therefore, the cost function
is

†8.5 C = v1x1 + v2x2

The  problem faced by a farmer interested in globally maximizing profits, or finding the
point where the pseudo scale lines intersect, could be expressed as a profit function:

†8.6 A = R ! C

†8.7 A = py ! v1x1 ! v2x2

†8.8 A = pf(x1, x2) ! v1x1 ! v2x2

†8.9 MA/Mx1 = pf1 ! v1 = 0

†8.10 MA/Mx2 = pf2 ! v2 = 0

†8.11 pf1/v1 = pf2/v2 = 1

The farmer interested in maximizing profit would equate the VMP (pf1 or pf2)
divided by the price of the input. To maximize profits, this equality should be equal to 1.
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Figure 8.1  TVP-  and Profit-Maximizing Surfaces
 

Figure 8.1 illustrates the gross revenue (TVP) and net revenue (Profit) surfaces. Notice
that the vertical axis is now measured in dollars rather than in units of output (y).  The gross
revenue (TVP) maximizing point, where the ridge lines intersect,  occurs input amount and
combination that maximized output.  The maximum of the profit surface is, of course, lower
than the maximum pf the gross revenue surface, and occurs at the point where the pseudo
scale lines intersect, and requires less of both inputs than the gross revenue maximizing
level. Since profit can be negative, the frofit surface descends below the zero axes for x1 and
x2.

Figure 8.2 illustrates the corresponding contour lines for the gross and net revenue
surfaces.  The solid lines are not isoquants, but rather are isoquants converted to their
revenue equivalents by multiplying by the price of the output (y). Hence, they are, in reality,
gross isorevenue lines. Ridge lines for the gross isorevenue lines are located in the same
position as before  The dotted lines are the contour lines for the profit, or net revenue
surface.  Now it is possible to draw "ridge lines" for these isoprofit contours, at the points
where the isoprofit contours assume a zero, or infinite slope.  These ridge lines for the
isoprofit contours are, in reality, the pseudo scale lines precisely located!
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Figure 8.2  Isorevenue and Isoprofit Contours

8.2 Constrained Revenue Maximization

If the farmer is unable to globally maximize profits, the next best alternative is to find
a point of least-cost combination. The least-cost combination of inputs represents a point of
revenue maximization subject to the constraint imposed by the availability of dollars for the
purchase of inputs.  The graphical presentation in Chapter 7 revealed that points of least- cost
combination were found on the expansion path.  Here the same points of least-cost
combination are found with the aid of mathematics.

Any problem involving maximization or minimization subject to constraints  can be
termed a constrained optimization problem. The constrained optimization problem consists
of two component parts (1) the objective function to be maximized or minimized, and (2) the
function representing the constraints on the objective function. Suppose that the objective
function faced by a farmer is to maximize revenue from the sale of corn. The objective
function to be maximized is

†8.12 R = py

or

†8.13 R = pf(x1, x2)
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The limitation or restriction  in the availability of dollars for the purchase of inputs x1 and
x2 is represented by the expression

†8.14 C° = v1x1 + v2x2

where  C° is some fixed number of dollars that the farmer has available for the purchase of
inputs x1 and x2.

The approach used here is sometimes referred to as the classical optimization technique.
This approach uses Lagrange's function  to solve problems involving the maximization or
minimization of a function subject to constraints. Joseph-Louis Lagrange was a French
mathematician and astronomer who lived from 1736 to 1813.   Lagrange's function  consists
of an objective function and a constraint. A new variable is also added. This variable is
called Lagrange's multiplier.  A Greek letter such as 8 or : is often used to represent
Lagrange's multiplier.

A general expression for Lagrange's function  L is

†8.15 L = (objective function to be maximized or minimized) 
   +   8(constraint on the objective function)  

The Lagrangean representing revenue from a farmer's production of corn (y) subject to the
constraint imposed by the availability of inputs (x1 and x2 ) used in the production of corn is

†8.16 L = py + 8(C° ! v1x1 ! v2x2)

or

†8.17 L = pf(x1, x2) + 8(C° ! v1x1 ! v2x2)

The necessary conditions for the maximization or minimization of the objective
function subject to the constraints are the first-order conditions.  These conditions  require
that the first derivatives of L with respect to x1, x2, and 8 be found and then be set equal to
zero. Thus the necessary conditions are

†8.18 ML/Mx1 = pf1 ! 8v1 = 0

†8.19 ML/Mx1 = pf2 ! 8v2 = 0

†8.20 ML/M8  = C° ! v1x1 ! v2x2 = 0

where  

f1 = My/Mx1 = MPPx1, the marginal product of x1, holding x2 constant

f2 = My/Mx2 = MPPx2, the marginal product of x2, holding x1 constant

pf1 and pf2 can be interpreted as the VMP of x1 and x2, respectively

v1 and v2 are input prices or the marginal factor costs (MFC) for x1 and x2

Equations †8.18 and †8.19 appear to be very similar to the profit-maximizing
conditions developed in Section 8.1, but the newly added Lagrangean multiplier now enters.
The third equation indicates that when the objective function has been maximized, all dollars
available for the purchase of x1 and x2 will have been spent. Lagrange's method requires that
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all dollars available for the purchase of the inputs be spent on the inputs. The farmer
therefore does not have the option of not spending some of the budgeted amount.

Equations †8.18 and †8.19 can be rearranged such that

†8.21 pf1/v1 = 8

and 

†8.22 pf2/v2 = 8

Equations †8.18 and †8.19 might also be divided by each other such that

†8.23 pf1/pf2 =8v1/8v2

or

†8.24 pMPPx1/pMPPx2 = 8v1/8v2

or
 †8.25 f1/f2 = v1/v2

or

†8.26 MPPx1/MPPx2 = v1/v2

or

†8.27 dx2/dx1 = v1/v2

Equations †8.23 - †8.27 precisely define a point of tangency between the isoquant and
the budget constraint.  The first order conditions presented here represent a single point on
the expansion path. This point is the tangency between a specific isoquant and the iso-outlay
line associated with an expenditure on inputs of exactly C° dollars. 

The Lagrangean multiplier  8 is a  number, and equations †8.18 and †8.19 can also be
set equal to each other such that

†8.28 pf1/v1 = pf2/v2 = 8

The meaning of 8 suddenly becomes clear, for 8 is the constant K  as developed in
Chapter 7. The term pf1 is the VMP of input x1, or the value of output from the incremental
unit of x1. The term pf2 is the VMP or value of output from the incremental unit of input x2.
The v1 and v2 represent costs of the incremental units of x1 and x2. The Lagrangean multiplier
represents the ratio of the marginal value of the input in terms of its contribution to revenue
on the farm (VMP) relative to its marginal cost (MFC), when the inputs are allocated as
indicated by the conditions that exist along the expansion path. 

In this example,  the Lagrangean multiplier can be interpreted as the imputed or implicit
value of last dollar spent on the input. It represents the worth of the incremental dollar spent
on inputs to the firm if the inputs are allocated according to the expansion path conditions.

The Lagrangean multiplier can also be thought of as a shadow price.  The cost of the
last dollar spent on an input is $1.00. The value of that dollar is the VMP of the dollar spent
on the purchase of the input. The shadow price may or may not be the same as the  price of
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the input. If VMPx1 and v1 are equal, then the last dollar spent returns precisely a dollar to the
firm. If this is also true for input x2, Lagrange's method yields exactly the same result as the
profit-maximization solution presented in Section 8.1. 

As was also true for the value of K, a value for the Lagrangean multiplier of 1 defines
the point where the pseudo scale lines intersect. If this were to be the case, the farmer would
need to have precisely the correct total number of dollars (C°) available for the purchase of
x1 and x2 that would result in a Lagrangean multiplier of 1, since Lagranges method requires
that all dollars available for the purchase of the inputs be spent. A farmer would not
necessarily know how many total dollars would be needed.

Lagrange's method tells the farmer nothing about how much should be spent in total on
inputs. Lagrange's method merely assumes that some given fixed amount of funds in total
are available for the purchase of inputs. Lagrange's method then provides the decision rule
with respect to how the available funds should be allocated in the purchase of the two inputs.
Lagrange's method provides a formal derivation of the equimarginal return principle. The
decision rule developed with the aid of Lagrange's method states that the farmer should
allocate dollars available for the purchase of the two inputs such that the last dollar spent on
each input returns the same amount (8) for both inputs. This rule might also be represented
as

†8.29  VMPx1/MFCx1 = VMPx2/MFCx2 = 8

where VMPx1 and VMPx2 are the values of the marginal product of x1 and x2, and MFCx1 and
MFCx2 are the respective marginal factor costs. In a purely  competitive environment, the
respective marginal factor costs are the input prices.

Another way of defining the Lagrangean multiplier in this example is that it is the
change  in revenue associated with an additional dollar added to the budget outlay  C. In
other words, 8 is dR/dC, where R is revenue. The Lagrangean is the revenue function for
values that satisfy the cost constraint. Therefore dR/dC = dL/dC = 8.

There is absolutely nothing built into Lagrange's method that ensures a 8 of 1, greater
that 1, or any other value. Lagranges method merely requires the ratios of VMP to MFC to
be the same for all inputs. This is equivalent to finding a point on the expansion path
associated with the budgeted outlay represented by the constraint. 

Diagrammatically, if one input were cheap enough relative to the other input, it might
be possible to find a point of least cost combination uses only the cheaper input and requires
none of the more expensive input. (Isoquants would also have to intersect the axis for the
cheaper input if this were to be possible.)  However, Lagrange's method rules out the
possibility of a corner solution in which production can take place in the absence of one of
the inputs. 

The mathematical reason for this is that the derivatives are not defined on the axes.
Figure 8.3 illustrates the problem. If isoquants intersect the axes and if certain  relative price
ratios between v1 and v2 prevail, it might be optimal to use none of the relatively high priced
input. The budget line depicting the corner solution may or may not be tangent to the
isoquant, and thus may or may not have a slope equal to the  slope of the isoquant.
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Figure 8.3  A Corner Solution

The solution to Lagrange's method assumes that the budget constraint is tangent to the
isoquant and that both inputs must be used in strictly positive amounts. This assumption is
consistent with an underlying production function that is multiplicative (such as y =
ax1

0.5x2
0.5) but not additive (such as y = ax1 + bx1

2 +cx2 + dx2
2), since an additive function can

produce positive quantities of output even in the absence of one of the inputs.

8.3 Second Order Conditions

The first derivatives of the Lagrangean are the necessary but not sufficient conditions
needed in order to maximize revenue subject to a cost constraint. These conditions are

†8.30 pf1 ! 8v1 = 0

†8.31 pf2 ! 8v2 = 0

†8.32 C° ! v1x1 ! v2x2 = 0

These first-order conditions define the points of tangency between the isoquant and the
budget constraint. However, it is possible on the basis of these conditions for revenue to be
minimum, not maximum. Consider a point of tangency between an isoquant and a budget
constraint that occurs at a level of input use beyond the point of global output maximization.
This point represents minimum,  not maximum, revenue from the outlay represented by the
budget constraint. To ensure that that revenue is maximum, rather than minimum, the second
order conditions are needed. Equations †8.30, †8.31, and †8.32 are each differentiated with
respect to x1, x2 and 8. Define

†8.33 Mfi/Mxj = fij,  i, j = 1, 2

Then
M†8.30/Mx1 = pf11

M†8.30/Mx2 = pf12

M†8.30/M8 = !v1

M†8.31/Mx1 = pf21 = pf12 (by Young's theorem)
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M†8.31/Mx2 = pf22

M†8.31/M8 = !v2

M†8.32/Mx1 = !v1

M†8.32/Mx2 = !v2

M†8.32/M8  = 0

Form the matrix

†8.34   pf11  pf12   !v1

  pf12  pf22   !v2

  !v1   !v2    0

The determinant of the matrix  †8.34 is
†8.35 pf11pf220 + pf12(!v2)(!v1) + pf12(!v2)(!v1)

    ! [(!v1)pf22(!v1) + (!v2)(!v2)pf11 + pf12pf120
†8.36 = 2pf12v1v2 ! pf22v1

2 ! pf11v2
2

†8.37 = p[2f12v1v2 ! f22v1
2 ! f11v2

2]

If the farmer is using only two inputs, equation †8.37] must be positive to ensure  that
revenue has been maximized subject to the budget constraint. The first- and second-order
conditions when taken together are the necessary and sufficient conditions for the
maximization of revenue subject to the budget constraint. The first-order conditions position
the farmer on the expansion path. The second-order conditions assure a maximum rather than
a minimum or a saddle point.

Figure 8.4 illustrates the production surface for a production function that has had
vertical slices cut at varying levels of the budget constraint, consistent with a 1:1 input price
ratio.  The line ABC is the function being maximized or minimized in the contrained
optimization problem. Note that in panel A of Figure 8.4, B is lower than A and C, indicating
a minimum and corresponding with an isoquant that is concave, rather than convex to the
origin.  In panel B, point B is approximately at the same level as point A and C, indicating
that the isoquant has an approximately constant slope (neither maximum nor minimum). In
panels C and D point B clearly lies above points A and C, indicating a valid solution to the
constrained maximization problem. Mathematically, second order condsitions would indicate
a minimum at the input levels represented by panel A, a maximum for panels C and D. The
result for panel B would depend on whether numerically, point B was found to be slightly
graeter tha, the same as, or less than point A and B.

8.4 Interpretation of the Lagrangean Multiplier

The interpretation of the Lagrangean multiplier is much the same as the interpretation
of the value for K developed in Chapter 7.  Economics rules out some potential points on the
expansion path. For example, suppose that the farmer were operating in a position where
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A  Point B Less than A and C B  Point B Equal to A and C

D Point B Greater than A and CC  Point B Greater than A and C

Figure 8.4  Constrained Maximization under Alternative Isoquant Convexity or                      
                 Concavity Conditions

†8.38 VMPx1/v1 = VMPx2/v2 = 8 = !2.8

Equation †8.38] is beyond the point of output maximization for both inputs, since 8 is
negative. This possibility is ruled out on the basis of the economic logic outlined in Chapter
7. Lagranges method will not find an optimal solution with a negative 8, on the expansion
path, but beyond the point of output maximization.

As suggested in Chapter 7, if 8 were exactly zero, the farmer would be operating at
precisely the global point of output maximization with respect to both inputs. Unless both
inputs were free, a farmer interested in maximizing profits would never operate here either,
despite the fact that this solution is permitted by the mathematics of the Lagrangean method.
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As also was  indicated in Chapter 7, a 8 of precisely 1 would coincide exactly with the
global point of profit maximization where the pseudo scale lines intersect on the expansion
path. For Lagrange's constrained optimization problem to lead to this solution, the farmer
would need a priori to have precisely the amount of dollars allocated for the purchase of x1
and x2 that would correspond to the budget outlay line that cuts through this point, and this
would be highly unlikely. 

If a farmer is interested in maximizing profits, he or she need only maximize the profit
function, or the difference between revenue and costs. The solution provides both the total
outlay that should be made for both x1 and x2 as well as indicating how these expenditures
should be allocated between the two inputs. The constrained revenue maximization problem
takes the total outlay to be spent on both inputs as fixed and given, and  determines how this
outlay should be allocated between the two inputs.

Values for 8 between zero and 1 are points on the expansion path between the point
where the pseudo scale lines intersect (and profits are maximum) and the point where the
ridge lines intersect (and output is maximum). Except perhaps at very low levels of input
use, 8 exceeds one at any point on the expansion path inside the point of global profit
maximization. The Lagrangean multiplier represents the ratio of VMP to MFC for the input
bundle as defined by the proportions along the expansion path. This means that at any point
on the expansion path that requires less x1 and x2 than the profit-maximizing point, the
contribution of each input to revenue exceeds the cost. In general, the value of 8 declines as
one moves outward along the expansion path and as the budgeted outlay for the purchase of
x1 and x2 is increased. This is because x1 and x2 become less and less productive as more and
more units are used (Figure 7.2). 

8.5 Constrained Output Maximization

The problem of finding the least cost combination of inputs can also be set up as a
problem with the objective of maximizing output (not revenue) subject to the same budget
constraint. The solution is very similar to the constrained revenue maximization problem,
but the interpretation of the Lagrangean multiplier differs.

Suppose that the objective is to maximize output y. Output is generated by the
production function

†8.39 y = f(x1, x2)

The constraint is again

†8.40 C° = v1x1 + v2x2.

The new Lagrangean is

†8.41 L = f(x1, x2) + 2(C° ! v1x1 ! v2x2)

where 2 is the new Lagrangean multiplier. The corresponding first order conditions are

†8.42 f1 ! 2v1 = 0

†8.43 f2 ! 2v2 = 0

†8.44 C° ! v1x1 ! v2x2 = 0
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By dividing equation †8.42 by equation †8.43, the familiar result that

†8.45 f1/f2 = MRSx1x2 = v1/v2

is obtained.  Equation †8.45 is the same as for the revenue maximization problem.  However,
by rearranging equations †8.42 and †8.43, we obtain

†8.46 f1/v1 = f2/v2 = 2

†8.47 MPPx1/v1 = MPPx2/v2 = 2

Maximization of output subject to the budget constraint requires that the MPP for both
inputs divided by the respective input prices be equal to 2, the Lagrangean multiplier. In this
case, 2 represents the physical quantity of output, not revenue, arising from the last dollar
spent on each input. The interpretation of a particular value for 2 is not as clear for the
output maximization problem as for the revenue maximization problem. For example, a 2
of 1 indicates that the last dollar spent on each input returns 1 physical unit of output. 

For example, suppose the output is corn that sells for $4.00 per bushel. Then the last
dollar spent returns $4.00. To correctly interpret the Lagrangean multiplier, it is necessary
to know the price of the output. The optimal value for the Lagrangean multiplier 2 at the
global point of profit maximization is 1/p, where p is the price of the output. Or, more
generally, 2  from the constrained output maximization problem equals 8/p from the
constrained revenue maximization problem.

The equation 

†8.48 MPPx1/v1 = MPPx2/v2 = 2

can be multiplied by the price of the output, which results in

†8.49 pMPPx1/v1 = pMPPx2/v2 = p2

Clearly,  p2 = 8 from the constrained revenue-maximization problem.

The second-order conditions for the constrained output maximization problem are no
different from the second-order conditions for the constrained  revenue-maximization
problem, since dividing by a positive output price will not change the required sign. The
second-order conditions for the revenue maximization problem (equation †8.37) required
that

†8.50 p[2f12v1v2 ! f22v1
2 !f11v2

2] > 0

The constrained output maximization problem requires that

†8.51 2f12v1v2 ! f22v1
2 !f11v2

2  > 0
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8.6 Cost-Minimization Subject to a Revenue Constraint

The problem of finding a point on the expansion path representing the least-cost
combination of inputs can also be constructed as a problem of minimizing cost subject to a
revenue constraint.

The objective function is to minimize cost

†8.52 C° = v1x1 + v2x2

 subject to the constraint that revenue be some fixed amount R°

†8.53 R° = py, or

†8.54 R° = pf(x1, x2)

The Lagrangean is

†8.55 L = v1x1 + v2x2 + :[R° ! pf(x1, x2)]

The first order conditions are

†8.56 v1 ! :pf1 = 0

†8.57 v2 ! :pf2 = 0

†8.58 R° ! pf(x1, x2) = 0, or

†8.59 v1 = :pf1

†8.60 v2 = :pf2, or

†8.61 v1/pf1 = v2/pf2 = :, or

†8.62 v1/pMPPx1 = v2/pMPPx2 = :

Compared with the constrained revenue maximization problem, the first-order
conditions appear to be inverted. In this instance, the Lagrangean multiplier is the increase
in cost associated with the incremental unit of output.  A value for the Lagrangean multiplier
of 1 would again indicate the profit maximizing position, in that the last dollar of revenue
cost the farm firm exactly $1.  Points of least cost combination inside the profit maximizing
position now imply a Lagrangean multiplier of less than 1,and a Lagrangean multiplier of
greater than 1 implies that inputs have been used beyond the point of profit maximization
but less than output maximization. The Lagrangean multiplier approaches infinity as output
maximization is achieved, but assumes negative values of less than infinity beyond the point
of output maximization. Lagrange's method will not generate a solution  calling for negative
values of the Lagrangean multiplier, and at precisely the point of output maximization, the
Lagrangean multiplier is undefined, since the MPP for both inputs is zero.

It is clear that : from the constrained cost-minimization problem is 1/8 from the
constrained revenue-maximization problem. Moreover, 8 from the constrained revenue-
maximization problem is 1/: from the constrained cost-minimization problem. The
second-order conditions differ in that they must assure a minimum rather than a maximum.
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Again, each of the first-order conditions are differentiated with respect to x1, x2, and :, and
a matrix is formed

†8.63 !:pf11  !:pf12  !pf1

!:pf12  !:pf22  !pf2

!pf1    !pf2      0 

The second order conditions require that

†8.64 :p3f1f1f22 + :p3f2f2f11 ! 2:p3f2f1f12 < O

By substituting f1 = v1/:p and f2 = v2/:p, the result is

†8.65 (p/:)@(f22v1
2 + f11v2

2 ! 2f12v1v2) < 0, or

†8.66 (p/:)@(2f12v1v2 ! f22v1
2 ! f11v2

2)  > 0

If : > 0 then the required signs on the second-order conditions are the same as those needed
for the constrained revenue-maximization problem.

8.7 An Application in the Design of a Lease

Heady proposed a model designed to determine a lease arrangement for a farm that
would be optimal both from the standpoint of both the landlord and the tenant. This section
is an adaptation of that model and illustrates an application of the factor-factor model in the
design of contractual arrangements between landlords and tenants. Landlords can elect to
charge a cash rent for the use of the land by the tenant, or they might elect a lease
arrangement in which returns and costs are shared by the tenant and the landlord.

8.7.1 Cash Rent

Consider first the case in which the landlord charges a fixed cash rent per acre to the
tenant. The landlord is no longer concerned with the success or failure of the tenant in
growing crops, except to the extent that a crop failure might jeopardize the tenant's ability
to cover the cash rent. The landlord has broader concerns of a longer-run nature than does
the tenant, relating to the tenant's interest in and ability to keeping up the productivity of the
land through  activities such as maintenance of soil fertility. 

Assume that the tenant is interested in a least-cost combination solution in factor-factor
space. If the cash rent were free, the tenant would be found on the expansion path. With the
imposition of a positive cash rent, the tenant would still be found on the expansion path.
However, in a constrained optimization framework, since the cash rent is paid, the
availability of dollars for the purchase of other variable inputs has declined. In other words,
the value of constraint  (C° in the Lagrangean formulation of the factor-factor model) for the
tenant has declined. This means that less money will be available for the purchase of inputs
such as fertilizer that might be needed to maintain soil fertility.

The cash rent lease has the desirable feature of not altering the usual first-order
conditions for constrained revenue maximization in terms of the mix of inputs to be used in
the short-run  or  single-season  planning horizon. Landlords  must be concerned that the
availability of dollars for the purchase of inputs will be more restricted and the variable input
bundle X used on the farm will become smaller as the cash rent increases. Renters under a



Further Topics in Constrained Maximization and Minimization 149

cash rent arrangement will probably underutilize inputs that have no immediate effecton
output, but which  would affect output over a long planning horizon, such as soil
conservation measures designed to improve the long!run productivity of the soil. The
implementation of such measures by the tenant depends in large measure on the tenant's
expectations with regard to how many years the farm will be available for rent, as well as the
specific obligations cited in the lease agreement. 

8.7.2 Shared Rental Arrangements

For purposes of exposition, the analysis is presented assuming that  the farmer utilizes
only two inputs, but the same analysis could be applied to a case with more than two inputs.
In the absence of the shared rental arrangement, the profit function is

†8.67 A = pf(x1, x2) ! v1x1 ! v2x2

The corresponding first order conditions require that

†8.68 pf1 = v1

†8.69 pf2 = v2

where   p =  price of the output 

x1, x2 =inputs

v1 and v2  = prices for x1 and x2 respectively

f1 and f2 = marginal products of x1 and x2, respectively.  First order conditions require
that the VMP's for each input be equal to the corresponding factor price.

Consider first a lease arrangement in which the landlord gets back a share of gross
revenues from the farm but pays none of the expenses.  A shared rental arrangement might
be one in which the landlord gets one-fourth of the crop, with the tenant getting
three-fourths. Assume that both the landlord and tenant are interested in maximizing profits.
The landlord's profit function is

†8.70 A = 1/4 pf(x1, x2)

where f(x1, x2) = y, the output of the crop, p is the price of y, and x1 and x2 are two inputs. The
landlord gets one-fourth of the revenue but pays no costs.

The tenant's profit function is

†8.71 A = 3/4pf(x1,x2) ! v1x1 ! v2x2

where v1 and v2 are the prices on inputs x1 and x2, respectively.

The landlord prefers that the inputs be used  until the point where

†8.72 1/4pf1 = 0

†8.73 1/4pf2 = 0

where f1 and f2 are the marginal products of x1 and x2, respectively. 
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The landlord is interested in making the marginal product of x1 and x2 zero (or f1 = f2 =
0), or making the tenant  maximize output or TPP on the farm, rather than profits. The
landlord's share under this arrangement is greatest if output is maximized. However, the
point is on the expansion path.

The tenant prefers that inputs be used until the point where

†8.74 3/4pf1 = v1

†8.75 3/4pf2 = v2

The usual first-order conditions for profit maximization are

†8.76 pf1 = v1

†8.77 pf2 = v2

The tenant acts as if the price for x1 and x2 were actually 4/3 of  the market price. Under
this lease arrangement, the tenant would not only underutilize inputs relative to what the
landlord wanted, but would underutilize inputs relative to what should be used for global
profit maximization if there were not a landlord-tenant relationship. This point is also on the
expansion path.

Lease arrangements in which the landlord receives a share of the crop but pays none
of the cost can result in substantial conflict between the landlord and tenant with regard to
the proper quantities of each input to be used. Given these results, conflict between the
landlord and tenant with respect to the proper level of input use is not at all unexpected. A
better arrangement might be for the landlord and tenant to share in both the returns and the
expenses.

Suppose that the landlord and the tenant agree to a lease arrangement in which the
landlord gets r percent of the revenue and pays s percent of the costs. Therefore, the tenant
gets 1 ! r percent of the revenue and pays 1 ! s percent of the costs. The values of r and s
are negotiated. The value of r may not be the same as s, but could be. The landlord's profit
equation is

†8.78 A =  rpf(x1, x2) ! s(v1x1 + v2x2)

The tenant's profit equation is

†8.79 A = (1 ! r)pf(x1,x2) ! (1 ! s)(v1x1 + v2x2)

The landlord's first-order conditions for profit maximization are

†8.80 rpf1 = sv1

†8.81 rpf2 = sv2, or

†8.82 pf1 = (s/r)v1

†8.83 pf2 = (s/r)v2

The tenant's first-order conditions for profit maximization are
 †8.84 (1 ! r)pf1 = (1 ! s)v1
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†8.85 (1 ! r)pf2 = (1 ! s)v2, or

†8.86 pf1 = [(1 ! s)/(1 ! r)]v1

†8.87 pf2 = [(1 ! s)/(1 ! r)]v2

Both the landlord and tenant prefer to be on the expansion path, but conflict may exist
with regard to where each would like to be on the expansion path.

Suppose that r is greater than s. Then the ratio of s/r is smaller than 1. The landlord
would prefer that the tenant overutilize inputs relative to the global profit maximizing
condition. Similarly, if r is greater than s, then (1 ! s)/(1 ! r) is greater than 1. The tenant
will underutilize inputs relative to the profit maximizing solution.

If r is less then s, the ratio of s/r is greater than 1. The landlord would prefer that the
tenant use less of the inputs than would be the case for the global profit-maximizing solution.
From the tenant's perspective, (1 ! s)/(1 ! r) is smaller  than 1, and the inputs appear to be
cheaper to the tenant than the market prices would indicate. The tenant will overutilize inputs
relative to the global profit maximizing solution.

Only if r is equal to s and the landlord and tenant agree that costs and returns should
be shared in the same percentage, whatever that percentage might be, will the first order
conditions for the landlord and the tenant be the same as the global profit maximizing
conditions in the absence of the landlord-tenant relationship. If the landlord agrees to pay the
full cost of any particular input, the tenant will overutilize that input relative to the profit
maximizing solution. It the tenant agrees to pay the full cost of an input, the tenant will
underutilize that input. Tenants usually supply all  the labor. Landlords often feel that tenants
do not work as hard as they would if they were on their own farm. If the tenant only receives
3/4 of the revenue, it is if the imputed wage for  labor to the tenant is multiplied by 4/3.
Tenants will use less of the input labor as a result. The landlord is correct, but the tenant is
also behaving consistent with a profit maximizing objective.

8.8   An Application to an Acreage Allotment Problem

The factor-factor model can be used for analyzing the behavior of a farmer faced with
an acreage allotment imposed by the federal government.  Consider a farmer who uses two
categories of inputs to produce a commodity such as wheat. The two categories of inputs are
land and a bundle of all other inputs. Figure 8.5  illustrates a series of isoquants for this
farmer, with the vertical axis represented by land and the horizontal axis represented by all
other inputs.

In the absence of any government program, the farmer is assumed to operate on a point on
the expansion path. Points on the expansion path are defined by

†8.88 VMPL/VL = VMPX/VX = 8
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Figure 8.5  The Acreage Allotment Problem

where

 VMPL = value of the marginal product of an additional acre of land in the production
of wheat 

VL = rental price of the land per acre, or the opportunity cost per acre of the farmer's 
                    funds tied up in the land

VX = weighted price of the input bundle X

VMPX = value of the marginal product of the input bundle consisting of the remaining
                     inputs 

The combination of individual inputs in the bundle is considered to be in the proportion
defined by the equation

†8.89 VMPx1/v1 = VMPx2/v2 = ... = VMPxn/vn = 8

where terms are as previously defined, and 8 is a Lagrangean multiplier equal to a constant.
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If a wheat acreage allotment did not exist and the farmer were not constrained by the
availability of funds for the purchase or rental of land and other inputs, the farmer would find
the global point of profit maximization on the expansion path, and the value of the
Lagrangean multiplier for the farmer would be 1 in all cases for all inputs.
 

Now suppose that the farmer  faced a restriction placed by the government on the
acreage of wheat that can be grown. A wheat acreage allotment is the same as a restriction
on the availability of land. Let the land acreage restriction be represented by the horizontal
line L* in Figure 8.2.  If the farmer was initially producing fewer acres of wheat than  is
allowed under the acreage restriction, the acreage allotment will have no impact on the
farmer's input allocation. For example, if the farmer was initially at point R, the acreage
allotment would have no impact.

Assume that the farmer initially was producing more wheat than the acreage restriction
allowed. In the face of such a restriction, the farmer must move back down the expansion
path to a point on the expansion path that lies on the constraint L*. Let point A in Figure 8.2
represent the initial production level. In the face of the acreage allotment, the farmer must
move back to point B.  Both point A and point B are points of least cost combination, but
point B differs from point A in that at point B, the value for the Lagrangean multiplier is
larger. For example, point A might represent a point where

†8.90 VMPL/VL = VMPX/VX = 2 

Point B might represent a point where

†8.91 VMPL/VL = VMPX/VX = 4 

Despite the fact that point B is now consistent with all constraints and is also a point
of least-cost combination, the farmer will probably not wish to stay there. The farmer, having
previously achieved point A, clearly has more money available for the purchase of other
inputs than  is being used at point B. Once reaching  the land constraint L*, the farmer moves
off the expansion path to the right along the constraint.  Movement to the right involves the
purchase of additional units of the input bundle X. How far the farmer can move to the right
depends on the availability of funds for the purchase of the input bundle X, but limits on the
movement can be determined. 

At the ridge line for the input bundle X, the marginal product of the input bundle X is
zero. The farmer would clearly not want to move that far to the right, for units of the input
bundle surely cost something (VX > 0). The point where the farmer will try to move is
represented by the intersection of the constraint L* and the pseudo scale line for the input
bundle X. Point C is the profit maximizing level of input use for the bundle X, and is on an
isoquant representing a larger output that was point B on the expansion path.

In the absence of a wheat acreage allotment, the farmer's only constraint is the
availability of dollars for the purchase of other inputs, and the farmer will find a point on the
expansion path where

†8.92    VMPL/VL = VMPX/VX = 8 

With the acreage allotment, the farmer will move back along the expansion path to a
point on the wheat allotment constraint. If the farmer moves back along the expansion path,
the ratio VMPL/VL  will almost certainly be larger than before. However, the farmer will not
maintain this new ratio with respect to the bundle of other inputs. The farmer would increase
profitability to the farm by attempting to make the ratio  VMPX/VX as near to 1 as possible.
(The ratio VMPX/VX is 1 at point C.) This entails using more of the inputs other than land per
acre in order to achieve  wheat production that exceeds the level that would have occurred
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at the intersection of the expansion path and the land constraint. 

Since the amount of land used is restricted by the acreage allotment, the land input is
treated as a fixed resource, and profit maximization for the bundle of variable inputs X is the
same as for the single factor solution outlined in Chapter 3. If the input bundle is divided into
its component inputs, and a limitation is placed on the amount of money available for the
purchase of inputs in X, the equimarginal return rule for each input in the bundle applies.
In other words, if the ratio of VMPX to V is 1, then the ratio of VMP to its price for every
input in the bundle should also be 1. 

If money for the purchase of each xi in the bundle is constrained, the ratio of VMPxi to
vi will be the same for all inputs but be some number larger than 1, and the farmer will be
found at a point between the pseudoscale line and the expansion path (between B and C)
along the line representing the acreage allotment constraint. The equimarginal return rule still
applies to units of each variable input in the bundle. 

When a wheat acreage restriction is imposed, the total production of wheat normally
does not decline by the full amount calculated by subtracting the allotment from the acreage
without the restriction and multiplying by the yield per acre. In the face of an acreage
restriction, the least productive farmland goes out of production first, and farmers attempt
to improve yields on the remaining acres by using more fertilizer, better seed, and improved
pest management, represented in this model by the bundle of inputs X. The limited dollars
available for the purchase of these inputs is now spread over a smaller acreage, resulting in
a higher yield per acre. This model explained why the imposition of a wheat acreage
allotment improves wheat yields, and these improved yields are consistent with the goal of
profit maximization and the equimarginal return rule.

8.9 Concluding Comments

Despite the fact that the presentation of the factor-factor model in this chapter made use
of calculus, the conclusions that have been reached should be reassuringly familiar. The
basic equimarginal return rule still applies, which requires that the last dollar spent for each
input must produce the same amount in terms of revenue for the least cost combination of
inputs. Moreover, the last dollar spent on each input must return exactly $1 for profit
maximization. In addition, the factor-factor model can be applied to problems in agriculture
such as the design of lease arrangements and acreage allotment restrictions, if minor
modifications to the basic model are made.

The mathematical presentation contained in this chapter presents a formal proof of the
equimarginal return rules in the two factor setting. These rules can also be extended to a case
in which more than two factors are used. Of course, the diagrammatic presentation cannot
be used in instances where there are more than two inputs and a single output, for it is not
possible to draw in more than three dimensions. Here the mathematics must be used, and a
detailed presentation in the many factor case  is given in Section 18.

Problems and Exercises
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1. Suppose that total revenue is maximized subject to the cost or budget constraint. Interpret
the following values for the Lagrangean multiplier.

a. 10
b. 5
c. 3
d. 1
e. 0
f. !2

2. Assume that profit or total value of the product minus total factor cost is maximized
subject to the budget or cost constraint. Interpret the following values for the Lagrangean
multiplier.

a. 10
b. 5
c. 3
d. 1
e. 0
f. !2

3. Assume that the objective function is cost minimization subject to a total revenue
constraint. Interpret the following values for the Lagrangean multiplier.

a. Infinity
b. 999
c. 5
d. 2
e. 1
f. 0.8
g. 0.3
h. 0
i. !1

4. Suppose that the objective function is cost minimization subject to a profit constraint.
Interpret the following values for the Lagrangean multiplier. 

a. Infinity
b. 999
c. 5
d. 2
e. 1
f. 0.8
g. 0.3
h. 0
i. !1

5. Consumers are interested in maximizing utility subject to the constraint imposed by the
availability of money income. Show that

a. The Lagrangean multiplier in such a constrained optimization problem can be
interpreted as the marginal utility of money.

b. If the producer is interested in maximizing revenue subject to the constraint imposed
by the availability of dollars for the purchase of inputs x1 and x2, what is the comparable
definition for the corresponding Lagrangean multiplier?
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6. Suppose that the production function is given by

y = x1
0.5x2

0.3

a. Set up a Lagrangean optimization problem using this production function. Derive
first order conditions.

b. Suppose that the output, y, sells for $4.00 per unit and that x1 and x2 both sell for
$0.10 per unit? How much x1 and x2 would the farmer purchase in order to maximize profit?

Hint: Set up a profit function for the farmer and derive first- order conditions. You now have
two equations in two unknowns. Solve this the second equation for x2  in terms of x1.  Then
substitute x2 in terms of x1 into the first equation. Once you have found the value for x1, insert
it into the second equation and solve for x2. Part (b) of this problem will require a calculator
that can raise a number to a fractional power. 

7. Is a cash rent lease always more desirable than a crop share lease? Explain.

8. Are both the landlord and tenant better off when they agree to share expenses and
revenues using the same percentages for both revenues and expenses (For example, a 0.6:0.4
split of revenues and expenses between the landlord and the tenant)? Explain.

 
9. Under what conditions would an acreage allotment have no impact whatsoever on the
output of a commodity?

10. What possible impacts might an acreage allotment have on a farmer's demand for
fertilizer? Will the demand for fertilizer in total always decline as the result of an acreage
allotment?

11. Will a farmer be at a point of least cost combination (MRSx1x2 = v1/v2) when an acreage
allotment exists? Explain.
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